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1.1 Introduction

The goal is to get a form for the energy momentum tensor articulated in
the stationary holonomic frame. This is a holonomic frame in which the
active strategies commute and are holonomic”: a holonomic coordinate
is one specified by a scalar field, not unlike a potential, where constant
surfaces define each coordinate value. Since the behaviors are stationary,
time is inactive and is assumed to mutually commute with the inactive
strategies. The inactive strategies need not be treated as holonomic as
discussed in the next section. We may choose to treat time as holonomic
along with the active strategies. The arguments below require that we be
able to transform to a frame in which at that point, the flow vanishes. We
call that the strictly stationary frame.

In focusing on stationary behaviors, we take our cue from engineering
in which they provide a useful guide to complex behaviors. We have in
mind AC circuits as a natural way to proceed from DC circuits.
Nevertheless, transient behaviors, which we ignore, are important and
this approach provides useful insights.
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1.2 The Stationary Holonomic Frame

The stationary holonomic frame is obtained for models in which the
inactive player strategies mutually commute. We can choose this frame
to be a holonomic basis for the active strategies (and time) with metric
8., and a non-holonomic basis for the inactive dimensions that lead to
the metric components y,, along with the associated payoffs F / - This
decomposition is dealt with in detail in Vol. 2.
Our goal is to create in this frame an ownership structure that is
e A projection operator
¢ [s orthogonal to the flow
¢ Depends on only the above components along with the player
engagements V; and the flow components V.
e The projection operator is defined in the strictly stationary
Jrame where the player flows vanish. In this frame we
believe that ownership will have the desired meaning: it is
isotropic and projects out just the active and inactive
strategies that are owned.
e The operator should be a diagonal matrix with unit elements
for each strategy that is in the ownership group for that player
class o[ J].

1.3 The Transformation U to No Flows

The first step is to linearly transform to a frame in which the
contravariant and covariant flows are zero. We do this in two steps. First
we note that there is always a frame in which the time components are
orthogonal to the strategies:

80p =0
‘70 = goovo + gooavvu jvn = §00‘70 _avvv . (11)
‘71} = _m}le' - nglav"ZJ = Vv = gvv'vv, + av‘7o

We start in this frame.
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_ We have found that the following transformation does the job, with
PV°V =1, where the flows are defined in the stationary holonomic
frame:

vves, -vvt 0
u=| Vv, VvV, V.
0 -VV' V.V
_ _ 1.2
g(8'-Vv)) VYV gV, 42
U'= A 1 -pV°V,

These matrices are the inverse of each other. We check that they
transform the spatial components of the engagement flows to zero:

vVest, vyt 0 V!

o o O
VV=Uv*=| VV, VvV VWV, ||V°|=|V°
0 VvV VvV )|VY 0
5 _ypr-IT
V,=U"",
5(5jk _Vjvk) —5‘70";{ —53‘//(‘7"' Vj 0
V# = ¢V0V] 1 ¢V0Vv ‘io = ¢Vo
-V, -V, ¢(6/-VV,)\Vy) L0

The frame so defined is the strictly stationary frame.

1.4 Ownership in the Strictly Stationary Frame

We define ownership as the existence of an ownership structure:
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J, 0 0
o[7f, =| 0 0 0
0 0 J%
o [e7 jkeols
g1 =8 dkeols] (1.3)
0  otherwise

I 8, vveol]]
v 0 otherwise

Since the only non-zero flow in this frame is along the time direction, the
ownership structure is orthogonal to the flow (left and right
multiplication). In general, the covariant form of the ownership structure
is not a symmetric matrix.

1.5 Ownership in the Stationary Holonomic Frame

We transform back to the orthogonal stationary frame. We express the
results in terms of the following projection operators for the inactive,
active and flow directions:

'T[i]vz _ (5]1» _vvvj’)‘]j’l — ;_l;[J]é‘j[J]] = Z E;fmé‘j[lll
Jl7]eols]
- v V x7ViT v v o[lJ] v o[J]
J[a] U_(5v’_v Vv)‘] U_hvj]é‘ JU= Z hv[l]é‘ jv
o[/ JEol/] . (14

Tlo], =-oV,((6/ -V'V,) 1’ V* +(8 -V'V,)J" V")

T Vi _ v (v il L v yrold]
T[], ==gV,(hj, v +hy, v
Note the new summation convention for owned strategies. We find that
the energy momentum constraints depend on these forms.
We start by transforming the projection operator Eq. (1.3) into the
orthogonal stationary frame:

o[l =uoli] U (1.5)
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The resultant expression is:

T, Tlol, Tlal,
oy, = J[il", Jlol’, Jlal’, |- (1.6)
I, Jlol’, Jlal’,

Note that the terms are evaluated in terms of the tensor components:

. |7e-VVe keolJ]
(7ji_vjvi)‘]k={ ]kojk k%O[J]

As such, these expressions depend directly on the scalars and tensors
defined in the stationary holonomic frame, which are determined by
solving the field equations.

1.6 Energy Momentum Tensor

We create the symmetric stress tensor from the projection operator
above, assuming a “viscous fluid” of multiple immiscible components:

— —r A — = —r o o~ =
Puw=29,001 8,011, - Xm0l 6,001, (.7
J J
The stress tensor is defined in terms of the energy momentum tensor:
T,=wyV,—p,. (1.8)

Of specific interest will be the breakdown of the expression for the stress
tensor in components along inactive, active and time directions. To
evaluate these expressions, we start with an expression for a general
symmetric matric 7, :

[/], =0[1 5,007, (1.9)

This evaluates to:
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Ay 1) A T) S ) R T) A 1
?[J]M: 7[0]“0?,,V7[i]vk J_[o]“ot_wf[o]vo J_[o]”ot_ﬂvj_[a]vu,. (1.10)
Tlal, 5 71T, Tlal,5.7o), Tlal,5.7[aT,

We obtain the player-J contribution to the energy-momentum stress
tensor p,, from Eq. (1.7):

rl/],, =2l PlJ], 0l T,

1.11)
P[J]po- = ¢Jhp0' _ﬂjo-pa

As suggested in Vol. 1, each player is constrained by the stresses for the

strategies it owns.

We draw some immediate conclusions from the general form of the
stress tensor Eq. (1.8). Based on the properties of the projection operators
Q[J] and it transpose Q[J ]T , they are idempotent and orthogonal to the
flow, so if we project the energy momentum tensor with these operators
we get:

o[l T,0[K]", =8, [/], - (1.12)

In other words, the energy-momentum tensor is block-diagonal with
respect to the player ownership. This supports the idea that player
payoffs should have no self-payoffs (Cf. Vol. 2).

We can evaluate the pressure and shear separately, starting with the
inactive-inactive contributions:

J[] puv‘][] _5J[’]P[J],[j]k[11 k[’]k

T BT (1 =0, 08 1,808,
JkeolJ -V, .

T, 2 I il {] ol vn)mmen
otherwise 0

I B, {”‘e”“] P (7 Vi)~

otherwise 0
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As we expect from Eq. (1.12), only player J stresses occur for the
inactive-inactive energy momentum contributions. The orthogonal basis
is the same as the holonomic basis.

We expect a similar result for the active-active contributions and
inactive-active contributions. For the former we have:

T[aY' 7 [a] ,=0,"P[J] sV

o[J /]

‘7 [a]ﬂu ﬁ,uvj[a]vu’ = ¢J é‘vv[.,]Ey[]]u'[]]ay,[”u' - 7715 U[«’]a

v o[ J7]

sV (1.14)

- i Veoll g, -VV.)-n,G,,
Tlat, 5,71l =2V € W] @ (8 h)-ne
otherwise 0

The ownership categories in the stationary holonomic frame are the same
as in the strictly stationary frame.
We recover the holonomic form using the contravariant forms:

J[a]” ﬁyvf[a]w = ?z?vvm}zj[nu’[]]gv[J]D _771gw[ﬂau[‘/]v'[‘/]gv[”v - (1.15)
We get for the inactive-active contributions:
T4 = Fr1.17 _ <ilVlp v[J]
J[l] jpﬂVJ [a] v _5./'1 P[J]j[J]v[J]a v

T puTlal’, ==0,6 Y, v, 8V, =n,6V5 6", . (1.16)

i1l i ]
- T —pVV -1,
T(i¥', 7 [a] UZ{J veoll] ~pV¥,-n,,

otherwise 0
Again, we recover the holonomic form using the contravariant form:
o o _ i[/] v gl/] = e
J[i] jpﬂv./[a] ==, 0"V V& =108 g - (1L17)

The time contributions are a little different for the inactive-time and
active-time contributions. For the former we have:
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T P o] ==gV, 8" PLI (S5, + a7, )

.7[1']"]_ 1_7,”.7[0]“0 =_5\7D§j[f]j (ﬁ[‘]]j[«l]k[/]vk[” +P[J]j[./]y[./]‘71)[j])

klJ
2V ’7' !

TNl B o], = A7 |- (18)

+(/’J J[/]v[/] 7,0 o1V
k[J]

T[i1" PuT o], =oV,6"", oV =7

j Puv o o J \% I, = ‘7“[-’]

+77, (U IR Ol )

We find it convenient in the last equation to define the scalar:
7, =V, v v, vl (1.19)

For the active-time contributions we have:
T[a)', puT o], ==, P[I],,, OV, (87,V N+ 85,7

oV o
vIVI-PlJ]

v[]])

Tlal', BaT o], = V.M, (-P[1] 0, an V) (120
/]

T T 37 (0 V| '/, v[J |V \4

T[a), B I o], =oV,8", s (Vi [[,]] v )—'m

1, ( SV H OV )

For the holonomic form, we use the contravariant expressions:

— V7]
v— 7 v 77 =V s ( ! ]l//J g”[ 1. ]V )
Jal* 5, T[], = v,z ! Y (.21

o]
0, (G ™+ 87 )

Finally, we have the time-time contributions:
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7 - 7 v —=\2 (7 V| D G c 7V
TloY, Bud o], =(aV,) (57,v" +8,V [”)P[J]W((SW]V”” +35,v")

PIY, o VWA BTy ]
- — =i —=\2 [7]k[7] 1v17]
ol pudlel,=(ov,) | Wit |- (12D
+P[J]v[_7]k[.7]v v +P["]v[!]v’[!]v v

@, (7/[.7]k[.7]vj[.,]v,\[j] + gu[.r]u'[.r]‘?v['llvvm Az )

< > T _ iy

1oV, puTlol, =(oV.) oV "V &V ]
iy

O,

W] | = Sl
bV YV OV Y
We use these explicit expressions to interpret the energy momentum

constraint contributions of the player ownership model.

1.7 Acceleration in the Ownership Model

Of particular interest will be the different forces that occur in the
ownership model. We know from Vol. 2 that there will in general be
three distinct forces acting for the active strategies: payoff forces,
cooperative forces, and inertial forces. We certainly expect the inertial
forces to reflect player ownership. We may also expect changes to the
other two forces. To investigate this we compute the acceleration for the
inactive and active flows. As a warning, the calculations below are of
necessity technical, and are not essential for understanding the basic idea
of ownership. In the end, the important result for numerical work will be
the energy momentum tensor that is obtained from these calculations.

1.7.1 Longitudinal Conservation

The acceleration is the covariant rate of change of the flow, which we
compute from the conservation law for the energy momentum tensor.
There are two sets of conservation laws: one is the longitudinal
conservation law:
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v"aum(% +pM)9M =0
Ve p =0,p"

# (1.23)
V=6
Vﬂpﬂmgm ——0,,p""
1.7.2 Transverse Conservation Law
The other is the set of transverse conservation laws:
W, =h°p,.8". (1.24)

The two components of interest are the inactive and holonomic sets:

,UVk = ,uV”@UVk

. . (1.25)
W, =uv'oV, = 10,8, V'V — UV FuV' =Y 10,y VvV’

1.7.3 Transverse Equations in terms of Stresses

This is in the holonomic stationary frame; in the stationary orthogonal
frame, we obtain

’UV U,av"7v - %luavgoovavo

ﬂguu'vv’ = _%luavgu’v'vv’vu” _%luav}/kjvkvj . (126)
4, (2,0, ~0,a,)V" =V, (FaV° + Fp V)

We obtain the transverse acceleration Eq. (1.24) for each set:
/ o v Av o v

'UVJ‘[J] =h HnPovia8 = Piupad _Vj[]]v Povia8

ﬂVa :ho-apo’v;lgﬂv = pav;lglv —VaVUPw;ggﬂv . (127)

Vapm';/lgﬂv = Vjpjvzﬂglv +Vapuv;,1gﬂv == ﬂ:ﬂpM == /tﬂp#ﬂ

We obtain the form for each in terms of the pressure components:
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Piva8” =—— (\/_ 8" )
(1.28)

Pava8” =—— (rg pah)+/3 8" P+ 10,7 p;—Fup/

@ﬁ

1.7.4 Equations in the Covariant Gauge

In the covariant gauge, these expressions simplify:

ng” =8“9,py

. (1.29)
Pavi8” =8"0 Py + 40,8" Py + 10,7 D, —Fip

We obtain the acceleration equations from these expressions:

W, = pa8”t-VVip,. 8"
MWV, =p,.8" -V.Vip,, 8" (1.30)
Vép., " = {g“kaaupkbb+ gV, p, ” ]

’ + V.87 Py + VOV Py =V E,p/

We see the qualitative behavior from the first term of the projection

operator.
We turn these into expressions for the orthogonal frame:

pkv;ﬂgM = gvvra ﬁkv'
vva pvv _gvv(aa av'av)ﬁov'

gvv'pv’v;/ig‘%= +Aave pno+/avg pv”v'
+%av?/j 1] Donopko Fﬁv'ﬁkv

(1.31)

1.7.5 Longitudinal Equations

The longitudinal part is:
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vav”v'av,]—)vv’ - vav”v, (auau’ - au’au ) ]_700”
v _| FAV0,€ Py + AV, By

+%‘7”av7ijpij - _OOV Fuk Pro _V Fﬁv ﬁkv

+8"V'0, D +8" V0 Poy —V°F,, 1)

VP8 . (1.32)

1.7.6 Ownership Equations for Inactive Flow

By following these technical steps and working in the covariant gauge,
we achieve our desired results, starting with an expression for the
inactive flow with the ownership attributes identified:

MY =80, P[] i +V O™ (1.33)

i

1.7.7 Ownership Equations for Active Flow

The active flow equations are similar:

lu(?v[]]v’vvl =g D[J]D'Pv,v;zg "t U[J]HMP
80, Py = (0,0, ~0,a,) Poy g
+ 150, Boo + /50,8 Py
+40,7" py = 8" Foopio = F oy D"
MV, =| + )5 110,8,,VV°+V,0,p"

+ 0,8 VIV 4 Y i,y VIV
+uv, (9,a,—9,a,)V"

+V, (FoVe+FLVY)

VY’

(1.34)

We expand this expression somewhat and collect terms; the first set of
terms mirrors the first set of terms above for the inactive flow:

v'v"[]] -
V'O,V = Oy Posis) T Gy + By - (1.35)



Stationary Ownership Model 13

We have introduced the following for the new cooperative and payoff
terms:

£, =9,a,—d,a,
(gwﬁoa AN ) Ay
Cpy=| +0, 8" (P — V7, : (1.36)
+ 150,07 (Py— VY, ) +V, 10,0™
oo (VY = P08
=| +Fy (VY - P8")
0, (V=2 D)

1.7.8 Ownership Properties of the Active Flow

The inactive contribution to this cooperative force demonstrates the
ownership forces:

%Z((%hkmkm 101D = ¥,V D, ) 1.37)
K

The forces depend on non-zero gradients of the inactive metric. Thus if
the inactive metric is a constant, these contributions are zero.
We have a similar effect for the active metric (gravitational) forces:

(§001—700 - /1‘70‘70 )av[J]V

» _ e (1.38)
+%av[1]§vv (ZPU’U”[K]_IUVU'VU”)
K

If the spatial and mixed components of the active metric are constant,
then the only contribution comes from the gradient of the “gravitational
field” g%.

In addition, and of particular interest for our numerical work, there
are payoff forces, which are determined from Eq. (1.36):
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‘70fU[]]1)’ (ﬂ«y v 5(01{ (‘5;(1/'/71( - gul”[K]gv[K]U/[K]Vu'[K] ))
By = 2|+l 0 )V Foli S+ v g B > 8 (1.39)

K L#K

A (= 00 (Vi = VigeprV ™)

For those strategies not associated with player-K, we get a current that
depends on the energy density only: the current is less and is not viscous.
The interesting effects occur within the player’s strategies. The
ownership model behavior modifies what one would expect from the
ideal fluid model.

Similarly for the charge density, the player stresses determine the
charges for each player. Only the energy density and the time component
of the flow provide effects from other players. Again this differs from the
ideal fluid.

The last piece of the puzzle is the contribution to the acceleration
itself. We look in the covariant gauge at the active flow contribution for
the non-viscous part:

ﬁav (\/@g wHip[y ]U[J]v'[l]) =g"", (‘ﬂ'hv[flv'M)

v'[J /]
8 [ ]au(¢lhv[1]u'[1]):_¢1g vl Vv[/]avVv[/] +.

(1.40)

We see that this enhances the flow on the left-hand side of Eq. (1.35) by
a term that depends on the player-J stress, but it is different from an ideal
fluid because of the player dependency.

These arguments are still at a high level and need to be brought down
to the level of implementing numerical models. In the next section we
consider a simplified model that makes the characteristics of player
ownership more visible.



Stationary Ownership Model 15
1.8 Ideal Ownership Model

In analogy to the ideal fluid, we introduce the ideal ownership model for
the purposes of computing flow streamlines to get a feeling for the
behavior of such models. We intend to use this model for numerical
calculations and, with this in mind, we make a number of simplifying
assumptions. The purpose of these assumptions is to gain more insight
into the model as well as to provide a model that has realistic attributes.

We assume there is no viscosity term; we allow Coriolis forces so
that the time component of the metric is g* =—g"a, ; we assume that
the player stresses are given functions; we assume that the active and
inactive metric components are constant in the orthogonal frame. We
return at a later date to these equations to identify and remove any errors
that may have crept in.

1.8.1 Stationary Orthogonal Frame Attributes

We reflect the possibility of stress dependence and those frame
dependences that depend on the time component of the metric. The
stationary orthogonal frame has the following attributes:

gabgby = gabgbc = 5a(77 gﬂl} = O

— v’

B0 = 8oo» 8 =8" =278, =1

-2v ov v’
=e 7, =— a,
800 8 8 ‘ (141)

0= gov’gv’v - googvv,av' = 8ov = gooau
1= govgvo + googao - goa — eZV + gvv'auav,

88 488" =6, = 8 = By te a0,
We assume that the spatial metric components g“"' are block-diagonal
constants in the player space. This implies that the gauge invariant metric
components g*, g,, are constants and are block-diagonal.

We term the metric with a bar, the gauge invariant metric in the
stationary orthogonal frame. The gauge is based on transformations of
the vector a, (see Vol. 2). In the covariant gauge, these vectors are

constrained by g"V9,a, =0.
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We need to compute the transformations between this metric and the
original. The following formulas may be useful:

V' =V'=g"V, -g%aV, =V, =5, V' =V, ~aV,
VI) = v + aUVO

V=V =g V'+g,aV' =gV =V’ =V’-aV"®
SV = gvv[J]v _ gvv[J]V

o[J] T V)

vlJ
) v~ 8 [ ]aU[J]VO
2‘531) — gvv’Vv’ _ gvv’av’Vo — ng,VU' + gvovo :VU
J

VVo=1-y, =V’ -a V"V, . (142)
K
PVVe =1
O=02 W, +oVV, =937, +1
L

1.8.2 Player Streamlines

For the ideal fluid, there is a single streamline and it follows the
coordinate curve of the energy flow. For the ownership model, we have
an active strategy coordinate flow for each player, defined as

v _ =v|J |7
8=g""v,,. (1.43)
The active strategy flow V" can be decomposed into these flows:
vi=3g"", =280 (1.44)
J J

Based on these player streamlines, there will be coordinate curves
defined with a parameter s, for each player:
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(1.45)

To get an initial sense of the solution behaviors, we assume that the
player streamlines commute, which in general would not be true; we
ignore curvature effects. A treatment using a full solution to the partial
differential equations for the longitudinal and transverse conservation
laws will remove this assumption.

Another simplifying assumption is to assume that the divergence of
the player streamline vector fields is zero:

9,8 =0. (1.46)

This is analogous to assuming that the compression 8 =0 in the ideal
fluid, which in fact will also be true the player ownership model as a
consequence of the above.

1.8.3 Energy density, pressure and «

Finally, since the player stress scalars ¢, are given, the energy density is
computed from the conservation law Eq. (1.23). It may be convenient to
define the energy density scaled by the average pressure:

a=*. (1.47)
P

1.8.4 Inactive Flow Equation for Ideal Ownership Model

We are now in a position to get a more transparent form for the
transverse and longitudinal equations. We compute the inactive flow
equation from Eq. (1.33):

(u+o,) ’[’]+Zﬂ dsf[” ]‘j;”’ FV 6. (148)
K#J K
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We have a partial differential equation for the coordinate curves of the
inactive flow given a choice of stresses for each of the players. We will
provide an expression for 6, p‘”1 below. The distinctively new feature is
the need to consider multiple coordinate curves. We have a mesh-line
solution as opposed to a streamline solution. For a given player-J, there
are different weights depending on the actual values of the player
stresses.

1.8.5 Active Flow Equations for Ideal Ownership Model

We expect that the active strategies will be more complicated. The
behaviors are determined from the active flow Eq. (1.35)

(85, Von 8" ) 3,0,

v[J] o[J]J
(gooﬁ(m LA ) AV + ‘Zu]‘%ﬂ"w1
uy Sy S|y (a7 =) (149)
- aSK J E)sj v[J v’ o , ov . .

We have defined the effective payoffs as

(5:[/] _‘7,[/]‘53“ )au’% +‘71,[/]9v4PM

P

+ ( 8Py — VY )au[/]‘/ + ‘Z»ﬁ,[/]u'z‘fxvl (ﬂ + 6% (1-w, ))
K

aV av,
P Sy o / / / . (1.50)
K asl\’ as/ +ZVA|K]F [ ]u|/]1,{/'l'5;(v +¢K‘s;(v + Z/“s;_v]
K L#K

+ZK:‘70VI<|K|EHK| v[.l|o(/u + 90, (1-7, ))

The ownership forces are clearly displayed. The key elements are
analogous but not identical to the ideal fluid. The acceleration along each
mesh line is determined by an inertial force based on the gradient of the
stress as well as by payoff flows which reflect the character of how the
players interact.
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1.8.6 Reduction of Active Flow Equations

We can do a little more. We can take the next to the last term and write it
in terms of the J components and those that are not:

ka[K]Fk[K] v[]]u{lu‘yKU, + ¢K‘5;(v, + Z,UJLUJ = Z‘(;KU[]]U"S;(”/
K K

L#K

= ((ﬂ"‘ 2 )Vk[l]Fk[l] ot Vi Fk[z] ot 4V F'V oI )50[

((/“"/’z) k[2] v[J]v+fu k[l] v[]]v+/u k[3] v[J]v )*5”),
+((ﬂ+¢3)vk[3]F[ T 4V, [1]F ]U[J]ﬁﬂ [2]F U[J]v)‘jfv,' (L.51)

+...

[x] el
va[J]v (,U + ¢K) k[K] v[]]v’+ LZ IUVI[L]F o[J ]
+K

We do the same thing for the next contribution:

Zvﬂvk[K]Fk[K] u[.r]o(ﬂ + ¢T¢K (1-7, )) =
K

:ZVk[K FH o[J10 ‘;
) w VTute (1-7,) (1.52)
= ka[K]F o
(,u+¢’k)(1_ 71()_/12'/&
Z axtF 01)[/] = L2

1.8.7 Longitudinal Equation for Ideal Ownership Model

The remaining equation is the longitudinal conservation law. We use Eq.
(1.30) to compute QMPM, which is determined by the energy density

flows:

. J
—g,pt =Y~ (1.53)
T 05

We use the longitudinal conservation law:
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vav va pm) _VU vam/ﬁm,” . (154)
Vﬂpﬂ"%g‘d = +Avvave poa DOV Fvopko _vak ’_ v
+§UU’VkaUI—?kv’+guvvoav,pav _V Fo’vpl
We separate out the strategy and time components:

SUIKIFIE]

—ov' Ky, k[K]
" "V, By + 8 v PofKJu1x]
,U +VUa Ve pao[K] U vvavpov[ ]
Za_ = Z SUKPFoy & % Fk[K] vl K]— - (1.55)
K k| +8 vPou(k] Pijklplk]

_VUFZ[Z{ vv[K]ﬁ

K[KJv[K]

-V’ F _Uoﬁk[zqa

There are now a number of substitutions required.

1.8.8 Reduction of Longitudinal Equation

Since there is a fair amount of algebra, we record the intermediate steps:

—m/ [K L[K (

k[K v[K)
+g 199 (¢ng[l(]v[l(] PVox v[l(])

179 e (5 ) ( ,[k]A[KVj[ Iy k& ]+gv[K]v’[](]‘70[K]‘70[K]_'/71(1/71()
Vv v[K]v’

v[K]
aizz ( U[K]y/K gv[K]v’[K]V ) )) (1 56)
BA — 1) 70 _ v ’ ’
SR (‘Wo‘/’x( Vo~ V™)
ALt ] vo[K}
+Vop FiX KVk[K]VU[K]

Ve FU Ky v

k(K] v[K]

+V”F;1/[K]§M¢;Vo¢x ( iV — %[K]"[K]V‘ [K])

This is simplified:
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VI, (V8 )+ V10, (0871 = 0V 5" )
+V"9, Vo, (}/k[K]k'[K]vk[K]vk el 4 Euixpix)V vy - ‘/7KV7K)
Zaﬂ _y +¢7‘7D¢K(1—7'/7K)‘7”fwwﬁ<”' (157)
w05, | V0S80, (0V,0, (1-7))

+o Vg Vo v FAELG

k[K]" v k[K]" ov

K k(K v
OV 0 (Ve = gV ) Fol W

We assume that the divergences of the player flows vanish, so we get:

Vk[K] aVU[K] avo

+0Vix) 3s, —— + %V ———+ 00, (1-7,)V,

Osy ? Osg

k) _ &l peva 1—i7.)\V? v’
z%:z +¢¢Ky/1(( ) a ‘:+¢ ( y/l()v fmJ"S;( . (158)
K oV PV S VoV F s

k(K] k(K]

_¢V ¢k( _WK)Vk[K]Fk[K]V

We can obtain the derivative of the time flow from the other flows using:

d i oo g VO -
Vi — ve)= WYY+ —V
Aas,{(g"” )= )} ds,
Y70 —-2v
aV ‘70 :%i(goo_DVD)_%ae_VDVO
sy sy 0sy
37 3y . (1.59)
V, =—VYV + 1-5, VWV -y ViV
aSK o aSK / ( gvv }/_]k )
(70 7V x7k
sy asK asK T sy

Using this we obtain:
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v — V!
Vi —=— ) = oo (1-¥, )V,
Sk
v \7
+¢KV1/[K]W WK (1 l//l() asK
ou _ N [ _ o
25 = 2+ (1= ) o + 0 (1= T V0, |- (1.60)
k OSx K Os
"@‘7 Py (1_1/7K)‘71)fuu‘§‘ v
+oY, k[l(] f)[f}v "(;< +V° oY, k[l(] k[K]‘g(v
_¢V ¢k( yll() k[K] okv[K]Vv

We have added the gravitational and Coriolis effects through the time
metric components. We note that in solving the partial differential
equations, for most partial differential solvers, we will have to linearize
the equations. We do this on the right-hand-side by keeping the
derivative terms while setting the other terms to given functions; we then
iterate using the solutions found to modify the given functions.

1.8.9 Second Reduction of Longitudinal Equation

We do one more simplification above, assuming the inactive metric is
also block-diagonal:

v =V
Vi = % = oo (1-¥, )V,
K
v
Vig——— 1-
@k v[K] as,( Wk( V/ ) aSK
0, N B _
Zaizz +¢K(1_WK)T+V avVWKy/K(l_'//K) (1.61)
k OS¢ 'k Sk
¢V ¢K 1 l//K full Z‘f Vk[K]J‘ qu[K] vu’z JLD,
L#K L#K
_(ZVW’KVk[K]Fk[K] OU[ZVZJK“ + (1_V7K ) z ‘%UJ
L#K

L#K

We presume we know the player stresses and that Eq. (1.61)
determines the energy density along the streamline. Finally, we compute
the remaining scalar, along with its mesh-line derivatives:
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‘70‘70 + ZWK =1
K

5\7”\70=1:>1=5[1—Zy7kj. (1.62)

— 1
9= —
- Vi

K

We know the metric, so we compute the time components of flow:

(1.63)

We recall that we have set the spatial metric components to be constants,
so the mesh-line derivatives become:

goovovn + 2‘71( =1

_ave o7

vV ey OV __ L) 1.64

"o, "3, /Z . (1.64)
Za‘//K

avav _aV y aSJ

“3s, 35, -2

The equations are well-defined partial differential equations and
suitable for numerical models.
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1.9 Central Co-Moving Frame

In the special case that the Killing vector is proportional to the flow,
K* =¢V*, the equations simplify. In particular, as shown in Vol. 1, it is
known that the compression components vanish. Thus viscosity effects
will be absent:

=0
o, =0
K (1.65)
o, = Haj =0
c,=0

This agrees with the analysis from Vol. 1, taken from (Hawking & Ellis,
1973). Only the isotropic pressure components contribute.

Nevertheless, this is an interesting class of models. For numerical
purposes, it is probably the first class to consider since only the pressure
enters.

1.10 Bias Flows in the Centrally Co-Moving Frame

In setting up the problem in the centrally co-moving frame, we assumed
that the covariant seasonal flow V, components are known. The
components are given in terms of the metric components g, :

V,=g,V°. (1.66)

The player engagement components are determined by the player
biases:

_ k o i _ j o

V.=y, AV =V =AYV .

P 5 4 (1.67)

The time component of flow is determined from these player
engagements and the time component of the metric g ,:
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1=g, VoV +y, V'V (1.68)

1.11 Stationary Ownership Model

The basic idea of the stationary ownership model is to proceed as
outlined in Vol. 2, Chap. 20, generalizing from the central co-moving
frame:

ey
2)

3)

“4)

®)

(6)

(M

®)

Pick a problem for analysis and start with a game theoretic view.
Assume there is a stationary holonomic frame in which time is
inactive and mutually commutes with the player inactive strategies,
including any code of conduct strategies. Though not required by
the definition of ownership, the stationary aspect may provide
useful insights about the theory. Identify the players, including the
codes of conduct players. View the problem in the holonomic frame
based on these inactive dimensions.

Choose the independent metric components to be the gauge
invariant quantities {ij g’ F jah}, (which in a centrally co-
moving frame determine player engagements V,; and seasonal flows
V).

Transform to the frame in which the flows V*,V’/ and charges
VU,VJ. are zero.

Set the values of the energy momentum tensor using the player
ownership structures in this frame (Sec. 6.10, Ex. 40), Eq. (1.3).
Transform the ownership structures back to the holonomic frame
noting that ownership applies only to the active and inactive
strategies, Eq. (1.6), not to time.

Impose the constraint of ownership through the energy momentum
tensor, not unlike constraints for immiscible fluids (Cf. Sec. 3.11,
Ex. 17 and Eq. (3.37)). Though Q [J]W is a projection operator and
orthogonal to the flow, it is not symmetric, so use the symmetrized
form that implements the idea of player from Vol. 1, Sec. 7.3, Eq.
(1.7) to obtain Eq. (1.10).

Set the gauge to the seasonal gauge from Vol. 2, Sec. 6, Eq. (6.98),
noting that we need not set g _=g =0, but rather have their
values set by the field equations:
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=9.¢..=0. (6.69)

(9) Solve the resultant elliptic partial differential field equations in the
stationary holonomic frame. The equations are now all elliptic since
they are independent of time. Use a general purpose solver to focus
on solutions rather than techniques. We believe a future version of
Mathematica will do this.

(10) Match the boundary condition of the problem under investigation
using the harmonic wave equation.

(11) Compare the results of the simulation against observed behaviors to
establish the relevance of the model.

1.12 Summary

I have outlined a strategy for computing in decision behaviors in the
decision process theory using a specific model which extends ordinary
Game Theory. The philosophical foundation is different, so the analysis
of a decision process is slightly modified. One of the biggest differences
is the distinction between active strategies and code of conduct
strategies. This modifies what we mean by payoffs and utilities.

The next step is to apply the ideas from this white paper to specific
examples. Obvious choices for these examples will be to repeat the
analysis for games already considered in Vol. 2 and identify the
differences that arise by explicitly including the concept of ownership.



